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FREQUENCY-DOMAIN PHOTON MIGRATION PDE’s
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THE INVERSE PROBLEM
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COMPLETE PERTURBATION EQUATIONS
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Perturbation equations
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We are interested in   Φδ At the detectors   



ADJOINT EQUATIONS
Multiply by an arbitrary matrix tΨ

( )( ) Ω⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∇

∂
∂

∇=Ω+∇∇− ∫∫
ΩΩ

dp
p

p
p

d tttt ΦkΦ
d

ΨΦkΦdΨ δδδδ

Integration by parts twice &  applying boundary conditions
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detxΨ is “Green matrix” for the detector locations

( ) ( )

⎪

⎪
⎪

⎨

⎧
Ω=+∇∇−    on  detx;xδΨkΨd tt

( ) ( ) ( )
( ) ( )⎥⎦

⎤
⎢
⎣

⎡
=

detdet

detdet
det ;;

;;
;

xxΨxxΨ
xxΨxxΨ

xxΨ
mmmx

xmxx

⎪
⎪

⎩
Ω∂=+

∂
∂ .  on  0ΨrΨD

n

( ) ( )⎦⎣ detdet ;; mmmx



INVERSE ALGORITHM & THE GREEN MATRIX 
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FINITE ELEMENT RECONSTRUCTION



BEM: INTEGRAL FORMULATION

Ψ “Green matrix in infinite space” 
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Potential advantage of BEM in fluorescence tomography

Using the BEM discretization in a fluorescence tomography code, the number of 
degrees of freedom for internal targets is low (compared to the FEM), while the 
resolution of target size and shape is kept high, so the problem is over-determined.

For each internal known-shape subdomain

For each internal unknown shape subdomain

Move centroid (x,y,z)
Change radius (r)
Change optical parameters inside subdomain

For each internal unknown-shape subdomain
Move each subdomain boundary node (xi,yi,zi)
Change optical parameters inside subdomain



SOME APPLICATIONS 

BEM PHIM on outer surface
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BEM real PHIX on outer surface
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Cut Away Outer Mesh and Internal Sphere
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BREAST-PHANTOM APPLICATIONS



FEM BEM

FEM vs. BEM: Mesh and System Matrices

Requires internal mesh. 
Poor resolution of discrete 
internal targets.

No internal mesh required.
High resolution of discrete 
internal targets
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FEM vs BEM: accuracy


